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ON THE RADICAL OF CLUSTER TILTED ALGEBRAS
CLAUDIA CHAIO AND VICTORIA GUAZZELLI
Abstract. We determine the minimal lower bound n, with n ≥ 1, where the n-th power of the
radical of the module category of a representation-finite cluster tilted algebra vanishes. We give
such a bound in terms of the number of vertices of the underline quiver. Consequently, we get the
nilpotency index of the radical of the module category for representation-finite self-injective cluster
tilted algebras. We also study the non-zero composition ofm, m ≥ 2, irreducible morphisms between
indecomposable modules in representation-finite cluster tilted algebras lying in the (m+1)-th power
of the radical of their module category.
Introduction
Let A be a finite dimensional algebra over an algebraically closed field. The representation theory
of an algebra A deals with the study of the module category of finitely generated A-modules, modA.
A fundamental tool in the study of modA is the Auslander-Reiten theory, based on irreducible
morphisms and almost split sequences.
For X,Y ∈ mod A, we denote by <(X,Y ) the set of all morphisms f : X → Y such that, for all
indecomposable A-module M , each pair of morphisms h : M → X and h′ : Y →M the composition
h′fh is not an isomorphism. Inductively, the powers of <(X,Y ) are defined.
There is a close connection between irreducible morphisms and the powers of the radical, given
by a well-known result proved by R. Bautista which states that if f : X → Y is a morphism between
indecomposable A-modules then f is irreducible if and only if f ∈ <(X,Y )\<2(X,Y ), see [2].
In case that <n(M,N) = 0 for some positive integer n and for all M and N in mod A, we write
this fact by the expression <n(mod A) = 0. We recall that an algebra A is representation-finite
(or of finite representation type) if and only if there is a positive integer n such that <n(mod A)
vanishes, (see [1] p. 183).
In [17], S. Liu defined the notion of degree of an irreducible morphism (see 1.5) which has been
a powerful tool to study, between others problems, the one concerning the nilpotency of the radical
of a module category of an algebra A, in case that we deal with finite-dimensional k-algebras over
an algebraically closed field of finite representation type.
If A is a finite dimensional basic algebra over an algebraically closed field then we know that
A ' kQA/IA. In addition, if A is representation-finite then by [10] we know that all irreducible
epimorphisms and all irreducible monomorphisms are of finite left and right degree, respectively.
In particular, the irreducible monomorphism ιa : rad(Pa) ↪→ Pa where Pa is the projective module
corresponding to the vertex a in QA, has finite right degree. Dually, the irreducible epimorphism
ga : Ia → Ia/soc(Ia) where Ia is the injective module corresponding to the vertex a in QA, has
finite left degree. We denote by Sa the simple A-module corresponding to the vertex a in QA.
By [8], we know that for a finite dimensional algebra over an algebraically closed field A '
kQA/IA where A is representation-finite we can compute the nilpotency index rA of <(mod A) by
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max{ra}a∈(QA)0 + 1 where ra is equal to the length of any path of irreducible morphisms between
indecomposable modules from the projective Pa to the injective Ia, going through the simple Sa.
Applying the above mentioned result we give the minimal positive integer m such that <(mod Γ)
vanishes, where Γ is a cluster tilted algebra of type ∆, with ∆ a Dynkin quiver. More precisely, we
prove Theorem A and B.
Theorem A. Let C be the cluster category of a representation-finite hereditary algebra H. let T
be an almost complete tilting object in C with complements M and M∗. Consider Γ = EndC(T )op
and Γ′ = EndC(T ′)op the cluster tilted algebras with T = T ⊕M and T ′ = T ⊕M∗. Let rΓ and rΓ′
be the nilpotency indices of <(mod Γ) and <(mod Γ′), respectively. Then, rΓ = rΓ′.
Theorem B. Let ∆ be a Dynkin quiver and let Γ be a cluster tilted algebra of type ∆. Let rΓ be
the nilpotency index of <(mod Γ). Then the following conditions hold.
(a) If ∆ = An, then rΓ = n for n ≥ 1.
(b) If ∆ = Dn, then rΓ = 2n− 3 for n ≥ 4.
(c) If ∆ = E6, then rΓ = 11.
(d) If ∆ = E7, then rΓ = 17.
(e) If ∆ = E8, then rΓ = 29.
We observe that the nilpotency index of the radical of the module category of a cluster tilted
algebra of type ∆ with ∆ a Dynkin quiver, coincide with the nilpotency index of the radical of the
module category of the hereditary algebra k∆.
The non-zero composition of n irreducible morphisms between indecomposable modules could
belong to <n+1. In the last years, there have been many works done in this direction. The first to
give a partial solution to that problem were K. Igusa and G. Todorov in [16], where they proved
that if X0
f1−→ X1 → · · · → Xn−1 fn−→ Xn is a sectional path then fn . . . f1 lies in <n(X0, Xn) but
not in <n+1(X0, Xn).
In [9], F. U. Coelho, S. Trepode and the first named author characterized when the composition
of two irreducible morphisms is non-zero and lies in <3(mod A) for A an artin algebra. In [11], P.
Le Meur, S. Trepode and the first named author solved the problem of when the composition of n
irreducible morphisms between indecomposable modules is non-zero and belongs to <n+1(mod A)
for finite dimensional k-algebras over a perfect field k.
As a consequence of the results of this work, we obtain when the composition of n irreducible
morphisms between indecomposable A-modules belongs to the n + 1 power of the radical of their
module category, for a representation-finite cluster tilted algebra A. More precisely, we prove
Theorem C.
Theorem C. Let Γ be a representation-finite cluster tilted algebra. Consider the irreducible
morphisms hi : Xi → Xi+1, with Xi ∈ ind Γ for 1 ≤ i ≤ m. Then hm . . . h1 ∈ <m+1(X1, Xm+1) if
and only if hm . . . h1 = 0.
The authors thankfully acknowledge partial support from CONICET and Universidad Nacional
de Mar del Plata, Argentina. The authors also thanks Ana Garcia Elsener for useful conversations.
The first author is a CONICET researcher.
1. Preliminaries
Throughout this work, by an algebra we mean a finite dimensional basic k-algebra over an
algebraically closed field, k.
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1.1. Notions on quivers and algebras
A quiver Q is given by a set of vertices Q0 and a set of arrows Q1, together with two maps
s, e : Q1 → Q0. Given an arrow α ∈ Q1, we write s(α) the starting vertex of α and e(α) the ending
vertex of α. We denote by Q the underlying graph of Q. For each algebra A there is a quiver
QA, called the ordinary quiver of A, such that A is the quotient of the path algebra kQA by an
admissible ideal.
Let A be an algebra. We denote by modA the category of finitely generated left A-modules and
by indA the full subcategory of modA which consists of one representative of each isomorphism
class of indecomposable A-modules.
We say that A is a representation-finite algebra if there is only a finite number of isomorphisms
classes of indecomposable A-modules.
We denote by ΓA the Auslander-Reiten quiver of modA, and by τ the Auslander-Reiten trans-
lation DTr with inverse TrD denoted by τ−1.
1.2. On the radical of a module category
A morphism f : X → Y , with X,Y ∈ modA, is called irreducible provided it does not split and
whenever f = gh, then either h is a split monomorphism or g is a split epimorphism.
If X,Y ∈ modA, the ideal <(X,Y ) of Hom(X,Y ) is the set of all the morphisms f : X → Y
such that, for each M ∈ indA, each h : M → X and each h′ : Y → M the composition h′fh is
not an isomorphism. For n ≥ 2, the powers of <(X,Y ) are inductively defined. By <∞(X,Y ) we
denote the intersection of all powers <i(X,Y ) of <(X,Y ), with i ≥ 1.
By [2], it is known that for X,Y ∈ indA, a morphism f : X → Y is irreducible if and only if
f ∈ <(X,Y ) \ <2(X,Y ).
We recall the next proposition fundamental for our results.
Proposition 1.3. [1, V, Proposition 7.4] Let M and N be indecomposable modules in modA and
let f be a morphism in <n(M,N), with n ≥ 2. Then, the following conditions hold.
(i) There exist a natural number s, indecomposables A-modules X1, . . . , Xs, morphisms fi ∈
<(M,Xi) and morphisms gi : Xi → N , with each gi a sum of compositions of n − 1
irreducible morphisms between indecomposable modules such that f =
∑s
i=1 gifi.
(ii) If f ∈ <n(M,N) \ <n+1(M,N), then at leats one of the fi in (i) is irreducible.
It is well known by a result of M. Auslander that an algebra A is representation-finite if and
only if <∞(modA) = 0. That is, there is a positive integer n such that <n(X,Y ) = 0 for all X,Y
A-modules. The minimal positive integer m such that <m(modA) = 0 is called the nilpotency
index of <(modA). We denote such an index by rA.
1.4. Basic definitions of paths
A path in modA is a sequence M0
f1→ M1 f2→ M2 → . . . → Mn−1 fn→ Mn of non-zero non-
isomorphisms f1, . . . , fn between indecomposable A-modules with n ≥ 1. In case that f1, . . . , fn
are irreducible morphisms, we say that the path is in ΓA or equivalently that it is a path in ΓA. The
length of a path in ΓA is defined as the number of irreducible morphisms (not necessarily different)
involved in the path.
Let us recall that paths in ΓA having the same starting vertex and the same ending vertex are
called parallel paths.
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Let Γ be a component of ΓA. We say that Γ is a component with length if parallel paths in Γ
have the same length. Otherwise, it is called a component without length, see [12].
By a directed component we mean a component Γ that there is no sequence M0
f1→M1 f2→M2 →
. . . → Mn−1 fn→ Mn of non-zero non-isomorphisms f1, . . . , fn between indecomposable A-modules
with M0 = Mn.
Given a directed component Γ of ΓA, its orbit graph O(Γ) is a graph defined as follows: the points
of O(Γ) are the τ -orbits O(M) of the indecomposable modules M in Γ. There is an edge between
O(M) and O(N) in O(Γ) if there are positive integer n,m and either an irreducible morphism from
τmM to τnN or from τnN to τmM in modA.
Note that if the orbit graph O(Γ) is of tree-type, then Γ is a simply connected translation quiver,
and by [3] we know that Γ is a component with length.
1.5. On the nilpotency index of the radical of a module category
We say that the depth of a morphism f : M → N in modA is infinite if f ∈ <∞(M,N);
otherwise, the depth of f is the integer n ≥ 0 for which f ∈ <n(M,N) but f /∈ <n+1(M,N). We
denote the depth of f by dp(f).
Next, we recall the definition of degree of an irreducible morphism given by S. Liu in [17].
Let f : X → Y be an irreducible morphism in modA, with X or Y indecomposable. The left
degree dl(f) of f is infinite, if for each integer n ≥ 1, each module Z ∈ indA and each morphism
g : Z → X with dp(g) = n we have that fg /∈ <n+2(Z, Y ). Otherwise, the left degree of f is the
least natural m such that there is an A-module Z and a morphism g : Z → X with dp(g) = m
such that fg ∈ <m+2(Z, Y ).
The right degree dr(f) of an irreducible morphism f is dually defined.
In order to compute the nilpotency index of the radical of any module category we shall strongly
used [8, Theorem A]. For the convenience of the reader, we state below such a result.
Let A = kQA/IA be a representation-finite algebra. Let a ∈ (QA)0 and Pa, Ia and Sa be the
projective, injective and simple A-modules, respectively, corresponding to the vertex a.
For each a ∈ (QA)0, let na be the number defined as follows:
• If Pa = Sa, then na = 0.
• If Pa 6' Sa, then na = dr(ιa), where ιa is the irreducible morphism ιa : rad(Pa)→ Pa.
Dually, for each a ∈ (QA)0, let ma be the number defined as follows:
• If Ia = Sa, then ma = 0.
• If Ia 6' Sa, then ma = dr(θa), where θa is the irreducible morphism θa : Ia → Ia/soc(Ia).
We write ra = ma + na.
Theorem 1.6. [8, Theorem A] Let A ' kQA/IA be a finite dimensional algebra over an alge-
braically closed field and assume that A is a representation-finite algebra. Then the nilpotency
index rA of <(modA) is rA = max{ra}a∈(QA)0 + 1.
Following [8, Remark 1], ra is equal to the length of any path of irreducible morphisms between
indecomposable modules from the projective Pa to the injective Ia, going through the simple Sa.
Finally, we recall a result of [8] that shall be useful in this work.
Lemma 1.7. [8, Lemma 2.4] Let A ∼= kQ/I be a representation-finite algebra. Given a ∈ Q0,
consider ra the number defined as above. Then, the following conditions hold.
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(a) Every non-zero morphism f : Pa → Ia that factors through the simple A-module Sa is such
that dp(f) = ra.
(b) Every non-zero morphism f : Pa → Ia which does not factor through the simple A- module
Sa is such that dp(f) = k, with 0 ≤ k < ra.
1.8. The cluster category
Let H be a hereditary algebra. We denote by D = Db(modH) the bounded derived category
of modH. The cluster category, C, is defined as the quotient D/F , where F is the composition
τ−1D [1] of the suspension functor and the Auslander-Reiten translation in D. The objects of C are
the F -orbits of the objects in D, and the morphisms in C are defined as
(1) HomC(X˜, Y˜ ) =
∐
i∈Z
HomD(F iX,Y ),
where X,Y are objects in D and X˜, Y˜ are the corresponding objects in C. By [4, Proposition 1.5],
the summands of (1) are almost all zero.
We recall some basic and useful properties of C.
(i) C is a Krull-Schmidt category.
(ii) C is a triangulated category, whose suspension functor over C is denoted by [1].
(iii) C has Auslander-Reiten triangles, which are induced by the Auslander-Reiten triangles of
D. We also denoted the Auslander-Reiten translation of C by τ.
Remark 1.9. We deduce by (iii) that the irreducible morphisms in C are induced by the irreducible
morphisms in D. Moreover, the non-zero paths of irreducible morphisms between indecomposable
objects in C are induced by non-zero paths of irreducible morphisms between indecomposable
objects in D, and both paths have the same length.
We denote by S the set ind(modH∨H[1]) consisting of the indecomposable H−modules together
with the objects P [1], where P is an indecomposable projective H-module. We can see the set S as
the fundamental domain of C for the action of F in D, containing exactly one representative object
from each F -orbit in indD.
It is known that given X and Y objects in S, then HomD(F iX,Y ) = 0 for all i 6= −1, 0. Moreover,
if H is a representation-finite algebra, then at least one, HomD(F−1X,Y ) or HomD(X,Y ) vanishes.
1.10. On tilting objects
An object T in C is said to be a tilting object if Ext1C(T, T ) = 0 and T is maximal with that
property, that is, if Ext1C(T ⊕X,T ⊕X) = 0 then X ∈ addT .
We say that an object T in C is an almost complete tilting object if Ext1C(T , T ) = 0 and there
is an indecomposable object X, which is called complement of T , such that T ⊕ X is a tilting
object. It is known that an almost complete tilting object T in C has exactly two non-isomorphic
complements. We denote them by M and M∗.
The algebra EndC(T )op, where T is a tilting object in C, is called a cluster tilted algebra of type
Q, where Q is the quiver whose path algebra is the hereditary algebra H, that is, H = kQ.
We denote by Γ the cluster tilted algebra EndC(T )op, and by Γ′ the cluster tilted algebra
EndC(T ′)op, with T = T ⊕M and T ′ = T ⊕M∗ where T is an almost complete tilting object
in C with complements M and M∗, respectively. In [6, Theorem 1.3], the authors proved that we
can pass from one algebra to the other by using mutation.
6 CHAIO CLAUDIA AND GUAZZELLI VICTORIA
The next theorem shall be fundamental to develop some results of this paper.
Theorem 1.11. [5] Let T be a tilting object in C and we denote by G the functor HomC(T,−) :
C → mod Γ. Then, the functor G : C/add(τT )→ mod Γ (induced by G) is an equivalence.
It follows from the above theorem that an indecomposable projective Γ−module Pu is of the
form HomC(T, Tu), where Tu is an indecomposable summand of T . Moreover, it is known that the
indecomposable injective Γ−module Iu, which is the injective cover of the simple Su = topPu, is
of the form HomC(T, τ2Tu).
Furthermore, the Auslander-Reiten sequences in mod Γ ' C/add(τT ) are induced by the Auslander-
Reiten triangles in C. We can deduce that the irreducible morphisms in mod Γ which do not factor
through add(τT ) are induced by irreducible morphisms in C.
Consequently, a path of irreducible morphisms between indecomposable modules in mod Γ is
induced by a path of irreducible morphism between indecomposable objects in C, and both have
the same length.
Finally, we recall the following important results useful for our further considerations.
Proposition 1.12. Let T be a cluster tilted object in C with complements M and M∗. We consider
Γ = EndC(T )op and Γ′ = EndC(T ′)op with T = T ⊕M and T ′ = T ⊕M∗. Then,
(a) The Γ-module HomC(T, τM∗) is simple. Moreover, HomC(T, τM∗) ' topPx, where Px =
HomC(T,M).
(b) The Γ′-module HomC(T ′, τM) is simple. Moreover, HomC(T ′, τM) ' topP ′y, where P ′y =
HomC(T ′,M∗).
Theorem 1.13. Let T be an almost complete tilting object in C with complements M and M∗.
We consider Γ = EndC(T )op and Γ′ = EndC(T ′)op as above. Let Sx and S′y be the simples modules
top(HomC(T,M)) and top(HomC(T ′,M∗)), respectively. Then, there is an equivalence
θ : mod Γ/addSx → mod Γ′/addS′y.
Remark 1.14. We consider Γ and Γ′ to be the cluster tilted algebras as in the above theorem.
Let Ta be a direct summand of T and we denote by Pa = HomC(T, Ta) and Ia = HomC(T, τ2Ta)
the indecomposable projective and injective Γ-modules corresponding to the vertex a ∈ QΓ, respec-
tively. We denote by P ′a = HomC(T ′, Ta) and I ′a = HomC(T ′, τ2Ta) the indecomposable projective
and injective Γ′-modules corresponding to the vertex a ∈ QΓ′ , respectively.
Following the equivalence of Theorem 1.13, note that it is not hard to see that θ(Pa) = P
′
a and
θ(Ia) = I
′
a.
Notation 1.15. For a better understanding of the results, when we consider the cluster tilted
algebras Γ ' kQΓ/IΓ and Γ′ ' kQΓ′/IΓ′ , in order to compute the nilpotency indices of <(mod Γ)
and <(mod Γ′), we denote such values by ru = mu + nu, for each u ∈ QΓ, and by r′v = m′v + n′v for
each v ∈ QΓ′ , as defined in 1.5.
2. The main results
In this section, we compute the nilpotency index of the radical of the module category of a
representation-finite cluster tilted algebra.
Let H be a hereditary algebra and Γ = EndC(T )op the cluster tilted algebra, where T is a
tilting object in the cluster category C = D/F , D is the bounded derived category of modH and
F = τ−1D [1].
It is well known that Γ is representation-finite if and only if H so is. In this case, H ' k∆ with
∆ a Dynkin graph and the Auslander-Reiten quiver, Γ(D), of D is isomorphic to Z∆.
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Proposition 2.1. Let H be a representation-finite hereditary algebra. Then the Auslander-Reiten
quiver Γ(Db(modH)) is a component with length.
Proof. We analyze the orbit graph of Γ(Db(modH)). Since H is a representation-finite hereditary
algebra, we have that H ' k∆, with ∆ a Dynkin graph. Moreover, Γ(Db(modH)) ' Z∆. It is
clear that the orbit graph of Γ(Db(modH)) is isomorphic to ∆, which is of tree type. Therefore,
Γ(Db(modH)) is a simply connected translation quiver and therefore Γ(Db(modH)) is a component
with length. 
In the next result, we give a relationship between morphisms of the categories mod Γ and mod Γ′.
Proposition 2.2. Let C be the cluster category of a hereditary algebra H and let T be an almost
complete tilting object in C with complements M and M∗. Consider Γ = EndC(T )op and Γ′ =
EndC(T ′)op with T = T ⊕M and T ′ = T ⊕M∗. Let Sx and S′y be the simple tops of HomC(T,M)
and HomC(T ′,M∗), respectively, and let θ : mod Γ/addSx → mod Γ′/addS′y be the equivalence of
Theorem 1.13.
Consider a morphism f : X → Y with X,Y ∈ ind Γ. Then, f is an irreducible morphism in
mod Γ which does not factor through addSx if and only if θ(f) is an irreducible morphism in mod Γ
′
which does not factor through addS′y.
Proof. Let Γ and Γ′ be the cluster tilted algebras as above. Let X and Y be indecomposable
modules in mod Γ and let f : X → Y be a non-zero morphism such that f does not factor through
addSx. By the equivalence of the Theorem 1.13, we have that θ(f) : θ(X) → θ(Y ) is a non-zero
morphism and moreover θ(f) does not factor through addS′y
Assume that f is irreducible. We prove that θ(f) so is. In fact, assume that θ(f) is a section.
Then there exists a morphism f˜ ′ : θ(Y ) → θ(X) such that f˜ ′θ(f) = 1θ(X). Moreover, f˜ ′ does not
factor through addS′y because θ(f) neither does. Then, there is a morphism f ′ : Y → X such that
f˜ ′ = θ(f ′). Therefore,
θ(1X) = 1θ(X) = θ(f
′)θ(f) = θ(f ′f)
and since θ is a faithful functor, then 1X = f
′f , which is a contradiction to the fact that f is not
a section. Thus, we prove that θ(f) is not a section.
Analogously, we can prove that θ(f) is not a retraction.
Now, assume that the is a Γ′-module Z˜ and that there are morphisms g˜ : θ(X) → Z˜ and
h˜ : Z˜ → θ(Y ), such that θ(f) = h˜g˜. Since θ(f) does not factor though addS′y, we infer that neither
do the morphisms g˜ y h˜. By Theorem 1.13, there exist Z ∈ mod Γ and morphisms g : X → Z
and h : Z → Y which do not factor trough addSx such that g˜ = θ(g) and h˜ = θ(h). Then,
θ(f) = θ(h)θ(g) = θ(hg) and consequently f = hg. Since f is an irreducible morphism, then g is
a section (and therefore θ(g) also does) or h is a retraction (and therefore θ(h) also does). Thus,
θ(f) is an irreducible morphism.
The converse follows by considering θ′ the quasi-inverse equivalence of θ. 
Our next goal is to prove that the nilpotency index is invariant under mutation.
Following the above notation, we donote by a the vertex of QΓ and of QΓ′ , which come from
Ta, a direct indecomposable summand of T , and we denote by x (y, respectively) the vertex of QΓ
(QΓ′ , respectively) which come from M , the summand of T (M
∗, the summand of T ′, respectively).
We start with some lemmas in order to prove one of the main theorems of this section.
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Lemma 2.3. Let C be a cluster category of a representation-finite hereditary algebra H, and let T
be an almost complete tilting object in C with complements M and M∗. Consider Γ = EndC(T ⊕
M)op ' kQΓ/IΓ and Γ′ = EndC(T ⊕M∗)op ' kQΓ′/IΓ′ the cluster tilted algebras. Then, for all
indecomposable summand Ta of T , we have that ra = r
′
a.
Proof. Let Γ and Γ′ be cluster tilted algebras as in the statement, and let Ta be an indecomposable
summand of T . Consider Pa, Sa and Ia the projective, simple and injective Γ-modules, respectively,
corresponding to the vertex a ∈ QΓ, and P ′a, S′a and I ′a the projective, simple and injective Γ′-
modules, respectively, corresponding to the vertex a ∈ QΓ′ . Let ra and r′a be the bounds defined
in Notation 1.15. We prove that ra = r
′
a.
Let fa : Pa → Ia be a non-zero morphism in mod Γ that factors trough Sa. By Lemma 1.7, we
have that dp(fa) = ra. Therefore, by Proposition 1.3, we can write the morphism fa as follows
fa = Σ
s
i=1gifi
for some s ≥ 1, where fi ∈ <Γ(Pa, Xi), with Xi ∈ ind Γ, and gi is a finite sum of composition of
ra − 1 irreducible morphisms between indecomposable modules, for i = 1, . . . , s.
Let Sx be the simple top of the projective Γ-module Px = HomC(T,M). Since Sa 6= Sx, neither fi
nor gi factor through addSx, because HomΓ(Pa, Sx) = 0 = HomΓ(Sx, Ia). Then, by the equivalence
θ : mod Γ/addSx → mod Γ′/addSy defined above, we have that θ(fa) = Σsi=1θ(gi)θ(fi) is a non-
zero morphisms, where each θ(fi) ∈ <Γ′(θ(Pa), θ(Xi)). Moreover, by Proposition 2.2, each θ(gi)
is a finite sum of composition of ra − 1 irreducible morphisms between indecomposable modules.
Then, θ(fa) ∈ <raΓ′ (θ(Pa), θ(Ia)), that is, θ(fa) ∈ <raΓ′ (P ′a, I ′a). By Lemma 1.7 we have that ra ≤ r′a.
Similarly, we can prove that r′a ≤ ra. Hence, ra = r′a as we wish to prove. 
Lemma 2.4. Let C be the cluster category of a representation-finite hereditary algebra H. let T be
an almost complete tilting object in C with complements M and M∗. Consider Γ = EndC(T⊕M)op '
kQΓ/IΓ and Γ
′ = EndC(T⊕M∗)op ' kQΓ′/IΓ′ the cluster tilted algebras. Let x and y be the vertices
of QΓ and QΓ′, respectively which come from the summands M of T and M
∗ of T ′, respectively.
Then rx = r
′
y.
Proof. Let Γ ' kQΓ/IΓ and Γ′ ' kQΓ′/IΓ′ be the cluster tilted algebras defined as above.
To prove that rx = r
′
y, we shall prove the fact that nx = m
′
y and mx = n
′
y, where rx = nx +mx
and r′y = n′y +m′y are the bounds defined in Notation 1.15.
Consider a non-zero morphism fx : Px → Sx and the irreducible morphism ix : radPx → Px.
Since the cluster tilted algebra Γ is representation-finite then by [10, Theorem A] we know that
the right degree of ix is finite and more precisely it is nx. Therefore, by the dual result of [10,
Proposition 3.4], we have that dp(fx) = nx. Hence, by Proposition 1.3 we know that there is a
non-zero path of irreducible morphisms between indecomposable modules of length nx in mod Γ as
follows
ϕx : Px
h1−→ X1 h2−→ X2 −→ · · · −→ Xnx−1
hnx−→ Sx.
By the equivalence defined in Theorem 1.11, it is induced by a non-zero path of also nx irreducible
morphisms between indecomposable objects in the cluster category C, such that it does not factor
trough add τT
(2) ϕ˜x : M
h˜1−→ X˜1 h˜2−→ X˜2 −→ · · · −→ X˜nx−1
h˜nx−→ τM∗
where Px = HomC(T,M), Sx = HomC(T, τM∗) and Xi = HomC(T, X˜i) for 1 ≤ i ≤ nx − 1.
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On the other hand, if we consider a non-zero morphism g′y : S′y → I ′y in mod Γ′, by Theorem A
and Proposition 3.4 in [10], we have that dp(g′y) = m′y. Hence, with an analogous analysis to the
previous one, there exists a non-zero path ψ′y of m′y irreducible morphisms between indecomposable
modules from S′y to I ′y in mod Γ′. Moreover, such a path is induced by a non-zero path ψ˜′y, from
τM to τ2M∗, of m′y irreducible morphisms between indecomposable modules in the cluster category
C and such that it does not factor trough addT ′
(3) ψ˜′y : τM → Y˜ ′1 → Y˜ ′2 → . . .→ Y˜ ′my−1 → τ2M∗
because S′y = HomC(T ′, τM) and I ′y = HomC(T ′, τ2M∗).
We also have that ϕ˜x ∈ HomC(M, τM∗), with ϕ˜x 6= 0, where
HomC(M, τM∗) = HomD(F−1M, τM∗)⊕HomD(M, τM∗);
and ψ˜′y ∈ HomC(τM, τ2M∗), with ψ˜′y 6= 0, where
HomC(τM, τ2M∗) = HomD(F−1τM, τ2M∗)⊕HomD(τM, τ2M∗).
In both cases, only one of the summands is non-zero since H is representation-finite.
Hence, if HomD(F−1M, τM∗) 6= 0, then HomD(F−1τM, τ2M∗) 6= 0 because
HomD(F−1M, τM∗) = HomD(τM [−1], τM∗)
' HomD(τ2M [−1], τ2M∗)
' HomD(F−1τM, τ2M∗).
Therefore, the path in (2) is induced by a path of irreducible morphisms between indecomposable
modules of length nx from τM [−1] to τM∗ in D, and the path in (3) is induced by a path of m′y
irreducible morphisms between indecomposable modules from τ2M [−1] to τ2M∗ in D. Moreover,
since HomD(τM [−1], τM∗) ' HomD(τ2M [−1], τ2M∗) and Γ(D) is a translation quiver with length,
then nx = m
′
y.
Now, if HomD(M, τM∗) 6= 0, with the same argument as before we can conclude that nx = m′y.
Analogously, considering a non-zero morphism gx : Sx → Ix in mod Γ and a non-zero morphism
f ′y : P ′y → S′y in mod Γ′, with a similar analysis as above, we conclude that mx = n′y. Thus,
rx = mx + nx = n
′
y +m
′
y = r
′
y. 
Now, we are in position to show one Theorem A.
Theorem 2.5. Let C be the cluster category of a representation-finite hereditary algebra H. Con-
sider Γ = EndC(T ⊕M)op and Γ′ = EndC(T ⊕M∗)op the cluster tilted algebras, where T is an
almost complete tilting object in C with complements M and M∗. Let rΓ and rΓ′ be the nilpotency
indices of <(mod Γ) and <(mod Γ′), respectively. Then, rΓ = rΓ′.
Proof. Let Γ ' kQΓ/IΓ and Γ′ ' kQΓ′/IΓ′ be the cluster tilted algebras defined as above. Since H
is a representation-finite algebra, then so are Γ and Γ′. We denote by rΓ and rΓ′ , the nilpotency
indices of <(mod Γ) and <(mod Γ′), respectively. We prove that rΓ = rΓ′ . In fact, we know that
rΓ = max{ru | u ∈ (QΓ)0}+ 1 = max{ru | Tu ∈ ind(addT )}+ 1
and
rΓ′ = max{r′v | v ∈ (QΓ′)0}+ 1 = max{r′v | Tv ∈ ind(addT ′)}+ 1.
By Lemma 2.3 and Lemma 2.4, we have that
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rΓ = max{ru | Tu ∈ ind(addT )}+ 1
= max{ra | Ta ∈ ind(addT ), rx}+ 1
= max{r′a | Ta ∈ ind(addT ), r′y}+ 1
= max{rv | Tv ∈ ind(addT ′)}+ 1
= rΓ′ ,
proving the result. 
For the convenience if the reader we state [20, Theorem 4.11].
Theorem 2.6. Let H = k∆ be a representation-finite hereditary algebra and let rH be the nilpotency
index of <(modH). Then the following conditions hold.
(a) If ∆ = An, then rH = n, for n ≥ 1.
(b) If ∆ = Dn, then rH = 2n− 3, for n ≥ 4.
(c) If ∆ = E6, then rH = 11.
(d) If ∆ = E7, then rH = 17.
(e) If ∆ = E8, then rH = 29.
The next corollary shall be important to prove Theorem B, and follows from [5] and [6].
Corollary 2.7. Let ∆ be a connected and acyclic quiver. The classes of quivers obtained of ∆ by
mutations coincide with the classes of quivers of the cluster tilted algebras of type ∆. Moreover, if
∆ is of Dynkin type then there is a finite number of the mentioned classes.
Now, we are in conditions to present Theorem B.
Theorem 2.8. Let ∆ be a Dynkin quiver and let Γ be a cluster tilted algebra of type ∆. Let rΓ be
the nilpotency index of <(mod Γ). Then the following conditions hold.
(a) If ∆ = An, then rΓ = n for n ≥ 1.
(b) If ∆ = Dn, then rΓ = 2n− 3 for n ≥ 4.
(c) If ∆ = E6, then rΓ = 11.
(d) If ∆ = E7, then rΓ = 17.
(e) If ∆ = E8, then rΓ = 29.
Proof. Let Γ ' kQΓ/IΓ be a cluster tilted algebra of type ∆, where ∆ is a Dynkin quiver and let
H be the hereditary algebra H = k∆. Since H is representation-finite, then so is Γ.
Let rH and rΓ the nilpotency indices of <(modH) and <(mod Γ), respectively. We claim that
rΓ = rH . In fact, by Corollary 2.7, we can change the algebra Γ into the algebra H by a finite
sequence of mutations of the quiver QΓ. By Theorem 2.5, we have that rΓ = rH where rH takes
the values given in Theorem 2.6. Hence we prove the statement. 
In [18], C. Ringel proved that all self-injective cluster tilted algebras are representation-finite.
Furthermore, the author showed that this particular algebras are cluster tilted algebras of type Dn,
with n ≥ 3 (considering D3 = A3).
The next result follows immediately from Theorem 2.8.
Corollary 2.9. Let Γ be a self-injective cluster tilted algebra. Then, the nilpotency index of
<(mod Γ) is 2n− 3, where n is the number of vertices of the quiver QΓ.
We end up this section with a remark on Coxeter numbers. We refer the reader to [13] for a
detailed account on Root Systems and Coxeter Groups.
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Remark 2.10. It is known that the theory of cluster algebras has many connections with different
areas in mathematics. In particular, there exists a connection with Root Systems and with Coxeter
Groups.
An element in a Coxeter group W is called a coxeter element if it is the product of all simple
reflections and moreover its order is called the coxeter number of W . On the other hand, the
coxeter number is related with the highest root in its corresponding root system.
For a finite irreducible Coxeter group W , there is a corresponding root system Φ of Dynkin type
∆. Now, if Γ is a cluster tilted algebra of ∆ type then it is known that the cardinal of the set
of positive roots of Φ coincide with the cardinal of ind Γ. Moreover, the coxeter number of W is
exactly one more than the nilpotency index of <(mod Γ).
3. On composition of irreducible morphisms
In this section, we establish the relationship between the composition of irreducible morphisms
between indecomposable modules and the power of the radical where it belongs.
We start with the following proposition.
Proposition 3.1. Let Γ be a representation-finite cluster tilted algebra. Let M and N be inde-
composable Γ-modules such that IrrΓ(M,N) 6= 0. Then, dimk(HomΓ(M,N)) = 1. In particular,
<2Γ(M,N) = 0.
Proof. Let Γ be a representation-finite cluster tilted algebra. Then Γ = EndC(T )op, where C = D/F
is the cluster category of a representation-finite hereditary algebra H and T a tilting object in C.
Since IrrΓ(M,N) 6= 0, then there exists an irreducible morphism f : M → N . We claim that all
the morphisms g : M → N in mod Γ are k-linearly dependent with f . In fact, suppose that there
exists a non-zero morphisms g : M → N k-linearly independent with f . Since Γ is representation-
finite, we know that dimk(IrrΓ(M,N)) = 1. Hence, g is not irreducible. Then g ∈ <2(M,N).
Moreover, there is a integer n ≥ 2 such that g ∈ <n(M,N)\<n+1(M,N). Therefore, there exist
morphisms f˜ , g˜ : M˜ → N˜ in the cluster category C such that they do not factor through add(τ T ).
Furthermore, these morphisms are induced by morphisms in the derived category. Moreover, since
HomC(M˜, N˜) = HomD(F−1M,N) ⊕ HomD(M,N), and only one of this summands are non-zero,
we can deduce the existence of an irreducible morphism in Γ(D) and a path of length n, with n ≥ 2,
between the same objects, contradicting the fact that Γ(D) is a quiver with length.
Therefore, there is not a morphism g : M → N in mod Γ linearly independent with f . Then,
dimk(HomΓ(M,N)) = 1. Moreover, since f is irreducible, we conclude that <2Γ(M,N) = 0. 
Theorem 3.2. Let Γ be a representation-finite cluster tilted algebra. Consider the irreducible
morphisms hi : Xi → Xi+1, with Xi ∈ ind Γ for 1 ≤ i ≤ m. Then hm . . . h1 ∈ <m+1(X1, Xm+1) if
and only if hm . . . h1 = 0.
Proof. If hm . . . h1 = 0, then clearly we have that hm . . . h1 ∈ <m+1(X1, Xm+1).
Conversely. Assume that hm . . . h1 ∈ <m+1(X1, Xm+1) and hm . . . h1 6= 0. Then, by [10, Theorem
5.1] there are irreducible morphisms fi : Xi → Xi+1, for 1 ≤ i ≤ m such that fm . . . f1 = 0. By
Proposition 3.1, we have that dimk(HomA(Xi, Xi+1)) = 1, for each i. Hence, fi and hi are k-linearly
dependent, that is, hi = λifi where λi is a non-zero element of k. Thus, hm . . . h1 = λfm . . . f1 = 0,
which is a contradiction to our assumption. Therefore, hm . . . h1 = 0 proving the result. 
Remark 3.3. We observe that if we consider a cluster tilted algebra of type An or Dn, then the
results of this article can be proven with the geometric approach developed for cluster categories and
cluster tilted algebras of type An and Dn given in [7] and in [19], respectively. For a detail account
on this approach see [14].
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